We consider configurations consisting of a gravitating nonlinear spinor field ψ, with a nonlinearity of the type λ ψ ψ 2 , minimally coupled to Maxwell and Proca fields through the coupling constants QM (U(1) electric charge) and QP , respectively. In order to ensure spherical symmetry of the configurations, we use two spin-1/2 fields having opposite spins. By means of numerical computations, we find families of equilibrium configurations with a positive ADM mass described by regular zero-node asymptotically flat solutions for static Maxwell and Proca fields and for stationary spinor fields. For the case of the Maxwell field, it is shown that, with increasing the charge QM , the masses of the objects increase and diverge as the charge tends to a critical value. For negative values of the coupling constant λ, we demonstrate that, by choosing physically reasonable values of this constant, it is possible to obtain configurations with masses comparable to the Chandrasekhar mass and with effective radii of the order of kilometers. It enables us to speak of an astrophysical interpretation of such systems, regarding them as charged Dirac stars. In turn, for the system with the Proca field, it is shown that the mass of the configurations also grows with increasing both of |λ| and of the coupling constant QP . Although in this case the numerical calculations do not allow us to make a definite conclusion about the possibility of obtaining masses comparable to the Chandrasekhar mass for physically reasonable values of λ, one may expect that such masses can be obtained for certain values of free parameters of the system under consideration.
I. INTRODUCTION
The bulk of the literature is devoted to treating compact gravitating configurations consisting of various fundamental fields. The most popular line of investigation focuses on studying boson stars -objects supported by scalar (spin-0) fields. Being in its own gravitational field, such fields can create configurations whose physical characteristics lie in a very wide range -from those which are typical for atoms up to the parameters comparable with characteristics of galaxies [1] .
On the other hand, it is not impossible that there may exist gravitating objects supported by fundamental fields with nonzero spin. In particular, they may be massive vector (spin-1) fields described by the Proca equation [2] . Being the generalization of Maxwell's theory, Proca theory permits one both to take account of various effects related to the possible presence of the rest mass of a photon [3] and to describe the massive Z 0 and W ± particles in the Standard Model of particle physics [2] . Such fields are also discussed in the literature as applied to dark matter physics [4] and when considering compact strongly gravitating spherically symmetric star-like configurations [5, 6] .
In turn, when the source of gravitation are spinor (spin-1/2) fields, the corresponding configurations are described by the Einstein-Dirac equations. These can be spherically symmetric systems consisting both of linear [6, 7] and of nonlinear spinor fields [8] [9] [10] . Nonlinear spinor fields are also used in considering cylindrically symmetric solutions [11] , wormhole solutions [12] , and various cosmological problems (see Refs. [13] [14] [15] and references inside).
The aforementioned localized self-gravitating configurations with spinor fields are prevented from collapsing under their own gravitational fields due to the Heisenberg uncertainty principle. If one adds to such systems an electric field, the presence of extra repulsive forces related to such a field results in new effects which can considerably alter the characteristics of the systems [16] . Consistent with this, the purpose of the present paper is to study the influence that the presence of massless (Maxwell) or massive (Proca) vector fields has on the properties of gravitating configurations consisting of a spinor field ψ with a nonlinearity of the type λ ψ ψ 2 . Since the spin of a fermion has an intrinsic orientation in space, a system consisting of a single spinor particle cannot be spherically symmetric. For this reason, we take two fermions having opposite spins, i.e., consider two spinor fields, and this enables us to have spherically symmetric objects. In order to get configurations with masses of the order of the Chandrasekhar mass, we study in detail the limiting systems obtained in case of using large negative values of the dimensionless coupling constantλ.
The paper is organized as follows. In Sec. II, we present the general-relativistic equations for the systems under consideration. These equations are solved numerically in Sec. III for the Maxwell field (Sec. III A) and for the Proca field (Sec. III B) in two limiting cases when the coupling constantλ = 0 (linear spinor fields) and when |λ| ≫ 1. Finally, in Sec. IV, we summarize and discuss the results obtained.
II. STATEMENT OF THE PROBLEM AND GENERAL EQUATIONS
We consider compact gravitating configurations consisting of a spinor field minimally coupled to Maxwell/Proca fields. The modeling is carried out within the framework of Einstein's general relativity. The corresponding total action for such a system can be represented in the form [the metric signature is (+, −, −, −)]
where G is the Newtonian gravitational constant, R is the scalar curvature, S sp and S v denote the actions of spinor and vector fields, respectively. The action S sp is obtained from the Lagrangian for the spinor field ψ of the mass µ,
where the semicolon denotes the covariant derivative defined as
Here γ a are the Dirac matrices in the standard representation in flat space [see, e.g., Ref. [2] , formula (7.27)]. In turn, the Dirac matrices in curved space, γ µ = e µ a γ a , are obtained using the tetrad e µ a , and ω abµ is the spin connection [for its definition, see Ref. [2] , formula (7.135)]. The term iQ M,P /( c)A µ ψ describes the interaction between the spinor and Maxwell/Proca fields. The coupling constant Q M plays the role of an U(1) charge in Maxwell theory, and Q P is the coupling constant in Proca theory. This Lagrangian contains an arbitrary nonlinear term F (S), where the invariant S can depend on ψ ψ , ψ γ µ ψ ψ γ µ ψ or ψ γ 5 γ µ ψ ψ γ 5 γ µ ψ . The action for the vector fields S v appearing in (1) is obtained from the Lagrangian
where F µν = ∂ µ A ν − ∂ ν A µ is the tensor of a massive spin-1 field of the Proca mass m P . In the case of m P = 0 we return to Maxwell's electrodynamics. Varying the action (1) with respect to the metric, to the spinor field, and to the vector potential A µ , we derive the Einstein, Dirac, and Proca/Maxwell equations in curved spacetime:
The right-hand side of Eq. (3) contains the energy-momentum tensor T ν µ , which can be represented (already in a symmetric form) as
Next, taking into account the Dirac equations (4) and (5), the Lagrangian (2) becomes
For our purpose, we choose the nonlinear term in a simple power-law form,
, where k and λ are some free parameters. In what follows we set k = 1 to give,
(Regarding the physical meaning of the constant λ appearing here, see below.) In the absence of gravitation classical spinor fields with this type of nonlinearity have been considered, for instance, in Refs. [17] [18] [19] , where it has been shown that the corresponding nonlinear Dirac equation has regular finite energy solutions. Since here we consider only spherically symmetric configurations, it is convenient to choose the spacetime metric in the form
where N (r) = 1 − 2Gm(r)/(c 2 r), and the function m(r) corresponds to the current mass of the configuration enclosed by a sphere with circumferential radius r; x 0 = ct is the time coordinate. In order to describe the spinor field, one must choose the corresponding ansatz for ψ compatible with the spherically symmetric line element (9) . Here, we use a stationary ansatz, which can be taken in the following form (see, e.g., Refs. [6, [19] [20] [21] ):
where E/ is the spinor frequency, f (r) and g(r) are two real functions. This ansatz ensures that the spacetime of the system under consideration remains static. Here, each row describes a spin- 
One sees from this expression that λ > 0 corresponds to the repulsion and λ < 0 -to the attraction. For the Maxwell and Proca fields, we take the ansatz A µ = {φ(r), 0, 0, 0}. In the case of Maxwell's electrodynamics this corresponds to the presence of the radial electric field E r = −φ ′ (r) Then, substituting the ansatz (10) and the metric (9) into the field equations (3), (4), and (6), one can obtain the following set of equations:
where the prime denotes differentiation with respect to the radial coordinate. Here, Eqs. (13) and (14) are the ( 
where M Pl is the Planck mass and λ c = /µc is the constant having the dimensions of length (since we consider a nonquantum theory, λ c need not be associated with the Compton length); the metric function N = 1 − 2m/x. Notice here that, using the Dirac equations (11) and (12), one can eliminate the derivatives off andḡ from the right-hand side of Eq. (14).
III. NUMERICAL RESULTS
In performing numerical integration of Eqs. (11)- (15), we start from the center of the configuration where some values of the spinor field,ḡ c , of the scalar potential,φ c , and of the metric function, σ c , are given. The boundary conditions in the vicinity of the center are taken in the form
Expressions for the expansion coefficientsf 1 ,m 3 , σ 2 ,ḡ 2 ,φ 2 can be found from Eqs. (11)- (15). In turn, the expansion coefficients σ c ,ḡ c ,φ c , and also the parameterĒ, are arbitrary. Their values are chosen so as to obtain regular and asymptotically flat solutions when the functions
In this case the asymptotic value of the functionm(x → ∞) ≡m ∞ will correspond to the Arnowitt-Deser-Misner (ADM) mass of the configurations under consideration. Notice here that in the present paper we consider only configurations described by zero-node solutions.
Since the spinor fields decrease exponentially with distance asḡ,f ∼ e
, numerical calculations are performed up to some boundary point x b where the functionsḡ,f and their derivatives go to zero (let us refer to such solutions as interior ones). The location of the boundary point is determined both by the central valuesḡ c ,φ c , σ c and by the magnitudes of the parametersQ M,P ,λ, and α. The interior solutions are matched with the exterior ones forφ, for the mass functionm, and (in the case of the Proca field) for the metric function σ on the boundary x = x b (see below).
A. The case of the Maxwell field
Linear spinor fields
Consider first the case of linear spinor fields, i.e., the problem withλ = 0 [16] . In this case, depending on the values ofḡ c andQ M , the value of x b is of the order of several hundreds forḡ c ≈ 0, and it decreases down to x b ∼ 10 with increasingḡ c . Whileḡ c increases, the mass of the configurations also increases, reaching its maximum whose magnitude depends on the value ofQ M . WhenQ M = 0, the maximum mass is M
Pl /µ [6] . The inclusion of the electric field results in increasing the maximum mass, as is illustrated in Fig. 1 .
The presence of the long-range electric field leads to the fact that, besides the interior solutions for the spinor and electric fields, there is also an exterior solution for the electric field. To obtain it, we employ Eqs. (13) and (15) by settingf ,ḡ = 0 in them. Also, since for x = x b the metric function σ = const. [see Eq. (14)], we normalize its value to 1 at this point, i.e., we set σ(x b ) = 1. (This can always be done since Eqs. (11)- (15) are invariant under the replacementsφ → aφ, σ → aσ,Ē → aĒ, where a is an arbitrary constant.) As a result, we have the following equations valid for x > x b :φ
As boundary conditions for these equations, we take the corresponding values of the functionsm(x b ),φ(x b ), and φ ′ (x b ) on the boundary x = x b . Then the exterior solutions arē
where the integration constants are
In view of the gauge invariance of the Maxwellian electromagnetic field, one can always add to the scalar potentialφ an arbitrary constantφ ∞ which ensures thatφ(∞) = 0 (this in turn assumes that the constant C 2 is zero). For Eqs. (11)- (15), this gauge transformation looks likeĒ −Q Mφ ≡ Ē −Q Mφ∞ −Q M φ −φ ∞ . Then the only free parameter isĒ, and the solution of the problem reduces to determining such eigenvalues ofĒ for which regular monotonically damped solutions do exist. In this case the contribution of the external electric field to the total massm ∞ is given by the term C 2 1 /(2x b ), and the external metric
2 corresponds to the Reissner-Nordström metric. The total ADM mass of the system [given by the constantm ∞ from Eq. (18)] is shown in Fig. 1 as a function ofḡ c . In plotting these dependencies, we have kept track of the sign of the binding energy (B.E.), which is defined as the difference between the energy of N f free particles, E f = N f µc 2 , and the total energy of the system, E t = M c 2 , i.e., B.E. = E f − E t . Here, the total particle number N f (the Noether charge) is calculated using the timelike component of the 4-current
, where in our case j
In the dimensionless variables (16), we then have
A necessary condition for the energy stability is the positiveness of the binding energy. Therefore, since configurations with a negative B.E. are certainly unstable, the graphs in Fig. 1 are plotted only up toḡ c for which the B.E. becomes equal to 0 (the very right points of the curves). It is seen from Fig. 1 that the inclusion of the electric field does not change the qualitative behavior of the curve "mass -central density of the spinor field". With increasing the charge, the location of the maximum moves towards smaller values ofḡ c , and the mass increases simultaneously. The positions of maxima of the mass M max are joined by a separate curve. Its behavior indicates that while approaching a critical charge,Q M →Q crit = 1, the quantitȳ g c → 0, and the mass diverges. The asymptotic behavior of this curve for largeQ M can be approximated by the following expression:
Pl /µ. WhenQ M >Q crit , the behavior of the solutions alters drastically: there are no longer monotonically damped solutions, but there only exist solutions describing asymptotically damped oscillations. Such solutions correspond to systems whose current massm(x) diverges as x → ∞, and, in turn, the spacetime is not asymptotically flat. The reason for such a change in the behavior of the solutions is intuitively understood from considering the nonrelativistic limit. Namely, according to Newton's and Coulomb's laws, the force between two charged, massive point particles is
Correspondingly, whenQ M < 1, the gravitational attraction is larger than the electrostatic repulsion, and this enables obtaining gravitationally closed systems. In turn, whenQ M > 1, the repulsive forces dominate, and this leads to destroying the system. The behavior of the curves shown in Fig. 1 is similar to the behavior of the corresponding "mass -central density" dependencies for boson stars supported by complex scalar fields (see, e.g., Refs. [6, 22, 23] ). In the case of boson stars, the stability analysis against linear perturbations indicates that the first peak in the mass corresponds to the point separating stable and unstable configurations [23, 24] . One might expect that for the Dirac stars under consideration a similar situation will occur. But this question requires special studies. The main purpose of the present paper is to study the effects of the inclusion of Maxwell and Proca vector fields into the systems consisting of spinor fields with a nonlinearity of the type (8) . In the absence of vector fields, in our recent paper [10] , it was shown that in the limiting case of large negative values of |λ| ≫ 1 it is possible to obtain solutions describing configurations with masses comparable to the Chandrasekhar mass. In this paper, we extend that problem by including the Maxwell and Proca fields minimally coupled to the spinor fields.
It was demonstrated in Ref. [10] that, with increasing |λ|, the maximum total mass of the configurations increases as M max ≈ β |λ|M 2 Pl /µ. The numerical calculations indicate that the inclusion of the chargeQ M does not lead to qualitative changes, and in the limit |λ| ≫ 1 the above dependence remains the same, and the numerical value of the coefficient β is determined by the magnitude of the charge.
In order to obtain the dependence β(Q M ), let us consider an approximate solution to the set of equations (11)-(15) in the limit |λ| ≫ 1. To do this, as in the case of uncharged systems of Ref. [10] , one can introduce the following alternative nondimensionalization caused by the scale invariance of these equations:ḡ * ,f * = |λ| 1/2ḡ ,f ,m * = |λ| −1/2m , and x * = |λ| −1/2 x. Using these new variables and taking into account the results of numerical calculations, according to which the leading term in Eq. (11) is the third term (. . .)ḡ andf is much smaller thanḡ, this equation yields
Substituting this expression into Eqs. (13)- (15), one has (again in the approximation off ≪ḡ)
where now N = 1 − 2m * /x * . As |λ| increases, the accuracy of Eqs. (20)- (23) becomes better. This is illustrated in Fig. 2 where the results of calculations for the configurations with the sameḡ c and forλ = 0 and −100 are shown. From comparison of the exact and approximate solutions, one can see their good agreement for the case ofλ = −100, except the behavior at large radii. As |λ| → ∞, this region becomes less important and, accordingly, the mass of the configurations will be well described by the asymptotic formula (see also the discussion of this question in Ref. [10] ). Sinceλ does not appear explicitly in Eqs. (21)- (23), one can use these limiting equations to determine the rescaled total massm * ∞ ≡m * (x → ∞) = M * / |λ| It follows from the results of solving the approximate set of equations (20)- (23) (see also Fig. 3 ) that the dependence of the maximum mass on the charge is
where the numerical values of the coefficient β(Q M ) are given in Table I . This coefficient is well approximated by the formula β ≈ 0.38/ Q crit −Q M which determines the divergence of the maximum mass in the limitQ M →Q crit = 1. This divergence is also illustrated in Fig. 3 by the curve joining the maxima of the mass. Notice here that the numerical computations indicate that the above approximate solutions describe fairly well only systems located near maxima of the mass, and the deviations from the exact solutions become stronger, the further away we are from the maximum.
Effective radius
In modeling ordinary stars (for example, neutron ones), it is usually assumed that they have a surface on which the pressure of matter vanishes. In the case of field configurations (for instance, boson stars) supported by exponentially damped fields, such a surface is already absent. Therefore for such configurations one uses some effective radius which can be introduced in several different ways [1] .
Since the configurations considered in this section contain a long-range Maxwell field, a definition of the effective radius is different from that of used in case of configurations consisting of exponentially damped fields. Here we follow Ref. [25] (where charged boson stars with a Maxwell field are under consideration) and introduce the following expression for the effective radius:
where the particle number N f is taken from (19) (without the numerical coefficient before the integral). As in the case of charged boson stars of Ref. [25] , this expression yields a finite result, in contrast to the case when the effective radius is defined in terms of the mass integral, as is done for uncharged configurations (for details see Refs. [1, 25] Using the expression (25), we have obtained the following dependencies of the effective radius onQ M for the configurations with maximum masses considered in Secs. III A 1 and III A 2:
The numerical values of the coefficients γ 0 and γ l appearing here are given in Table II . Asymptotically, asQ M →Q crit = 1, these coefficients are approximated by the expressions γ 0 ≈ 1.7/ Q crit −Q M and γ l ≈ 0.73/ Q crit −Q M which determine the divergences of the radii as the charge tends to the critical value. 
B. The case of the Proca field
For the Proca field Eqs. (11)- (15) are solved when α = 0 and with boundary conditions assigned at the center in the form of (17) . In doing so, solutions obtained near the center are smoothly matched with asymptotic solutions obtained as x → ∞, which arē
wheref ∞ ,ḡ ∞ ,φ ∞ ,m ∞ are integration constants, and, as in the case of the Maxwell field, the constantm ∞ plays the role of the total ADM mass of the configurations under consideration.
Linear spinor fields
As in the case of the massless vector field of Sec. III A, here we seek zero-node regular asymptotically flat solutions describing configurations with finite energies and total masses. In doing so, in contrast to the case of the Maxwell field, besides the eigenvalueĒ, it is also necessary to seek an eigenvalue ofφ c ensuring exponential damping of the Proca field at infinity.
Since the Proca field is massive, it decays exponentially fast with a rate determined by the magnitude of the parameter α [see Eq. (28)]. When α → 0, we return to the exterior Coulomb-type solution (18) . In turn, when α is sufficiently large, the fieldφ is concentrated inside the radius x b . The typical distributions of the matter fields for the two values α = 0.1 and α = 1 and for the fixed central valueḡ c = 0.02 are given in Fig. 4 . One can see that, with increasing α, the fieldφ is increasingly concentrated inside the radius where the spinor fields are nonvanishing, and the central valueφ c decreases in turn.
By varyingQ P , we have obtained the dependencies of the mass of the configurations on the value ofḡ c shown in Fig. 5 . As in the case of the Maxwell field, in plotting these curves we have kept track of the sign of the binding energy using the expression (19) . Correspondingly, the dependencies in Fig. 5 are given only for positive values of the B.E. It is seen from the results obtained that, with increasingQ P , the maximum mass of the systems under consideration increases, shifting towards smaller values ofḡ c . In turn, from the behavior of the curve joining the maxima of the mass, one sees the growth of the mass with increasingQ P . However, in contrast to the case of the Maxwell field, here, apparently, there is no a finite value of the coupling constantQ P for which the mass tends to infinity, but it increases monotonically asQ P → ∞ (regarding this issue, see also in the next paragraph). 
The case of |λ| ≫ 1
Consider now the case of negative |λ| ≫ 1. Numerical computations indicate that, as for the problem of Sec. III A 2, in this case the spinor fieldf is also much smaller thanḡ. Then the leading term in Eq. (11) is again the third term (. . .)ḡ, and this equation yields (in the approximation off ≪ḡ)
Unfortunately, on account of the presence of the massive vector field, in this case the field equations are not scale invariant, and therefore it is impossible to introduce the mass and the radius rescaled through |λ|, as is done in Sec. III A 2. Nevertheless, one can use the approximate expression (29), insertion of which into Eqs. (13)- (15) yields an approximate set of equations for the metric functions and the Proca field. Solving this set of equations numerically, one can show that, as in the case of the Maxwell field, the approximate solution (29) agrees well with the exact solution, except only the region at large radii (cf. Fig. 2 ). This permits us to use thus derived approximate set of equations to describe configurations with the Proca field. In this case there is only one eigenparameter (Ē orφ c ) whose value can be found by using the shooting method; this is technically much easier since to obtain a solution to the exact equations it would be necessary to adjust both aforementioned parameters.
Numerically solving Eqs. (13)- (15) in the approximation (29), we have plotted in Fig. 6 the dependencies of the maximum masses of the configurations on |λ| for the one value of the parameter α = 0.1 and for differentQ P . In this figure, the bottom curve corresponds to the interpolation formula M max * ≈ 0.41 |λ|M 2 Pl /µ describing the dependence of the mass on |λ| for the systems without a vector field (Q P = 0). For the systems with the vector field (Q P = 0), the masses are not already proportional to |λ|; this is demonstrated by the top interpolation curve plotted for the case ofQ P = 4.5. Hence we see that, in contrast to the case of the Maxwell field where for any value of the coupling constantQ M the mass is proportional to |λ| [see Eq. (24)], in the case of the Proca field, this is not so. It is evident that this is due to the scale noninvariance of the Proca field.
It is seen from Fig. 6 that for any fixed value ofλ the maximum mass of the configurations grows with increasinḡ Q P . This is illustrated in more detail in Fig. 7 , which shows the dependencies of the mass onQ P for differentλ. From an analysis of the behavior of these curves, one would expect that asymptotically (forQ P ≫ 1) they will converge to one curve, and the mass in turn will diverge asQ P → ∞. However, this question requires more detailed study, including a consideration of the influence that the magnitude of the parameter α has on these dependencies. 
Effective radius
Since the spinor and Proca fields under consideration decrease exponentially fast with distance [see Eq. (28)], to define the effective radius, we may employ one of the ways applied for boson stars. Namely, we choose the following definition which is introduced using the mass integral (see, e.g., in Ref. [1] ):
, where the energy density T 0 0 is taken from Eq. (7) or, already in the dimensionless form, from the right-hand side of Eq. (13) . Using this expression, we have plotted in Fig. 8 the dependencies of the effective radii of the configurations with maximum masses on the coupling constantQ P for differentλ. One sees from this figure that, as in the case of the masses (see Fig. 7 ), there is a monotonic growth of the radii with increasingQ P . Asymptotically (forQ P ≫ 1), one might expect that all the curves will converge to one curve which will determine the divergence of the radii as Q P → ∞.
IV. CONCLUSIONS AND DISCUSSION
We have studied compact strongly gravitating configurations consisting of nonlinear spinor fields minimally coupled to vector (Maxwell and Proca) fields. In order to ensure spherical symmetry of the system, we have used two spinor fields having opposite spins, and this enabled us to get a diagonal energy-momentum tensor. Consistent with this, we have found families of equilibrium configurations described by regular zero-node asymptotically flat solutions for the static vector fields and for the stationary spinor fields, oscillating with a frequency E/ . It was shown that for all values of E and of the coupling constants λ, Q M,P which we have considered, these solutions describe configurations possessing a positive ADM mass. This enables one to apply such solutions in modeling compact gravitating objects (Dirac stars).
The main purpose of the paper was to examine the influence of the presence of the Maxwell and Proca fields on the physical characteristics of the Dirac stars. As in the case of the Dirac stars supported only by nonlinear spinor fields [10] , our goal here was to explore the possibility of obtaining objects with masses of the order of the Chandrasekhar mass. For this purpose, we have studied in detail the cases with large negative values of the dimensionless coupling constantλ and with different values of the dimensionless coupling constantsQ M,P . The results obtained can be summarized as follows:
(I) For the case of the Maxwell field, we have considered all physically admissible values of the charge 0 ≤Q M < 1.
In this case the families of equilibrium configurations can be parameterized by two dimensionless quantitiesthe coupling constantλ = λM 2 Pl c/4π 3 and the chargeQ M . Due to the scale invariance of the system, in the limit |λ| ≫ 1, it is possible to get approximate equations which do not containλ explicitly. 
where the numerical values of the coefficient β(Q M ) are taken from Table I , and they are well approximated by the formula β ≈ 0.38/ Q crit −Q M which determines the divergence of the maximum mass in the limit Q M →Q crit = 1. The above mass M max * is comparable to the Chandrasekhar mass for the typical mass of a fermion µ ∼ 1 GeV. In this respect the behavior of the dependence of the maximum mass of the charged Dirac stars considered here on the coupling constantλ and on the chargeQ M is similar to that of charged boson stars of Ref. [25] .
In turn, the dependence of the effective radii of the limiting configurations with maximum masses on |λ| and Q M [see Eq. (27)] can be represented as
where the numerical values of the coefficient γ l (Q M ) are taken from Table II , and in the limitQ M →Q crit = 1 they are approximated by the formula γ l ≈ 0.73/ Q crit −Q M which determines the divergence of the radii when the charge tends to the critical value. For the typical mass of a fermion µ ∼ 1 GeV, the above expression gives the radii of the order of kilometers. In combination with the masses of the order of the Chandrasekhar mass (see above), this corresponds to characteristics typical for neutron stars.
(II) In the case of the Proca field, besides the coupling constantsλ andQ P , the system involves one more free parameter α equal to the ratio of the Proca mass to the mass of the spinor field. In the limit α → 0, we return to the results of item (I). When α = 0, the vector field is not already a long-range one, and it decreases exponentially fast with distance according to the asymptotic law given by Eq. (28).
Due to the absence of the scale invariance, in this case it is already impossible to get rid ofλ in the approximate equations valid for |λ| ≫ 1, and therefore the only possibility is to obtain solutions for particular values ofλ. Numerical calculations indicate that in the case of the Proca field, the maximum mass ceases to alter proportionally to |λ|, and, with increasing |λ|, it increases with a rate which is in general determined by the values ofQ P and α (see Fig. 6 ).
In turn, consistent with the numerical results obtained, one may assume that the system seems not to involve a finite value of the coupling constantQ P for which the total mass and radius of the configurations would diverge. With increasingQ P , a monotonic increase in the maximum masses and in the corresponding effective radii takes place (see Figs. 7 and 8), and one might naively expect that they will diverge only asQ P → ∞. But this question requires further investigations.
We can draw from the above results that the physical characteristics of the configurations under investigation are largely determined by the values of the coupling constants λ, Q M,P and by the ratio of the masses α. Since in the present paper we have studied only a finite set of values of the above parameters for the system with the Proca field, it seems to be of interest to extend the range of values of these parameters by considering, in particular, large values of α and Q P .
In conclusion, let us briefly address the question of stability of the systems under investigation. As is seen from the above results, all the configurations considered here can be parameterized by the central value of the spinor field g c . The total mass is then a function of this parameter, and for any values of the coupling constants λ, Q M,P and of the parameter α, there exists a first peak in the mass (a local maximum). Similarly to models of neutron and boson stars, one can naively expect that a transition through this local maximum should lead to instability against perturbations which compress the entire star as a whole. However, this question requires special consideration by analysing the stability of the configurations studied here against, for instance, linear perturbations, as is done for boson stars [23, 24] .
